We investigate Kolmogorov wave turbulence in QCD or, in other words, we calculate the spectrum of gluons as a function of time, f k (t), in the presence of a source which feeds in energy density in the infrared region at a constant rate. We find an early, an intermediate and a late time form for the gluon spectrum. Wave turbulence in QCD turns out to be somewhat different than the turbulence in the case of φ 4 -type theories studied by Zakharov, L'vov and Falkovich. The hope is that a good understanding of QCD wave turbulence might lead to a better understanding of the instability problem in the early stages of the evolution after a heavy ion collision.
Introduction
One of the key questions in heavy ion physics is how rapidly and by what mechanism equilibrium is reached after a collision. Phenomenological analyses of experimental data at RHIC suggest a rapid thermalization [1, 2] but, so far, no convincing theoretical picture has emerged which naturally gives such a quick approach to equilibrium.
The "bottom-up" picture of equilibration [3] is a detailed picture of how the initially produced hard gluons (at or near the saturation scale of the colliding ions) lose energy by radiating softer gluons. After they become sufficiently numerous these softer gluons equilibrate amongst themselves and continue to absorb energy from the initially produced hard gluons. After the hard gluons have lost all their energy the system has reached complete equilibration. Although difficult to evaluate precisely, the time for this equilibration was estimated to be on the order of 3 fm [5] . While it is an attractive picture the bottom-up scenario has a serious flaw in that the initially produced hard particles quickly acquire an instability as they spread out along the axis of the heavy ion collision as it was recently worked out by Arnold, Lenaghan and Moore [6] and was long ago advocated by Mrowczynski [7] (For other early disscusions, see Refs. [8] [9] [10] ). This instability then becomes the dominant mechanism for the creation of softer gluons [6] , more important than the Bethe-Heitler radiation used in the bottom-up picture [3, 4] . The instability potentially speeds up equilibration, but so far it has been difficult to follow analytically how the QCD gluonic system evolves toward equilibration in the presence of the instability [11, 12] . Numerical studies [13] [14] [15] [16] [17] [18] seem to indicate that the instability is effective at early times, but becomes less prominent in non-Abelian theories when the occupation number of low momentum modes becomes large. So far there is no analytic understanding of the numerical results.
The phase space spectrum found in numerical studies by Arnold and Moore [13] has a resemblance to that of the Kolmogorov spectrum in turbulence [19] . Indeed, the problem of wave turbulence with an infrared source of energy discussed by Zakharov, L'vov and Falkovich (ZLF) [20] (for a nice overview, see [21] ) would seem to have much in common with the instability problem currently under discussion for a non-expanding QCD medium and where the source for the instability is a collection of hard particles having a fixed asymmetry in their momentum distribution. Wave turbulence is a somewhat easier problem to deal with since one can take a spherically symmetric source of inflow of energy in low momentum modes. One can hope that a good understanding of QCD wave turbulence will lead to a better understanding of the early stages of evolution after a high-energy heavy ion collision.
Wave turbulence in QCD appears to be somewhat different than the situation studied by Zakharov, L'vov and Falkovich [20] . The essence of the ZLF discussion is that waves, or particles, interact with each other locally in momentum. This is certainly the case, say, in a φ 4 theory where the scattering cross section for a high momentum particle on a low momentum particle is very small. Soft quanta in φ 4 theory interact very weakly with hard quanta because of the small overlap in their fields due to Lorentz contraction of the harder quanta. Soft gluons, on the other hand, interact with the currents of the harder gluons, and these currents do not decrease with the momentum of the harder gluons. In addition a gauge theory has a lower cutoff in frequency, the plasma frequencly, which has no analog in a theory of the φ 4 variety. Because of the strong interaction between soft and hard modes along with the plasma frequency infrared cutoff QCD turbulence seems to be quite different than the ZLF problem.
In the problems considered by ZLF a source, say, of energy inserts energy at an infrared scale and a sink extracts that energy at a higher scale. The flow of energy then proceeds from a low momentum scale, through intermediate energy scales and exits at some high energy scale. A closely related process omits the high energy sink and has the energy flowing from low to high momentum through all intermediate scales. What is different in the QCD case is that energy can be absorbed by very high energy particles from a low energy source without the necessity of passing through intermediate scales. Particle number, however, cannot be directly transferred from low to high energy but must flow through intermediate scales, or be created at high energy through inelastic reactions. Thus in QCD there are important, even dominant, interactions which are not local in momentum.
In this paper we calculate the analytic form of the spectrum of gluons in the presence of a source which feeds in energy density at a constant rateǫ 0 = m 5 0 /α. We suppose the energy comes into our system uniformly in space in the form of gluons which have a spherically symmetric momentum distribution and which are inserted uniformly in phase space just above the plasma frequency cutoff in a range m < ω <m with m the plasma frequency andm on the order of m. m 0 is the single dimensionful parameter in the discussion given in Sec.2 while in Sec. 3 we allow the incoming energy to be spread uniformly in phase space in a region 0 ≤ k ≤ k 0 of momenta in which case k 0 is a separate dimensional parameter if we choose k 0 to be a scale larger than and independent of m 0 . We always suppose α, the gluonic coupling, to be small. At late times after the source has become active, m 0 t > (1/α) 9/5 in case the source energy is deposited in m < ω <m, the system of gluons is very close to thermal equilibrium. The incoming energy is transferred from the scale m to the scale given by the temperature T by direct absorption of soft gluons in an inelastic 3 → 2 process and, parametrically equally as important, by elastic scattering of soft gluons (scale m) on hard gluons (scale T ) with the soft gluons losing energy to the hard gluons. Both m and T are slowly increasing with time.
In the time domain (1/α) 7/5 < m 0 t < (1/α) 9/5 gluons having momentum much greater than m are in thermal equilibrium while gluon occupation numbers are significantly above the thermal curve in the domain m < ω <m.
Finally, in the early time domain, 1 ≪ m 0 t < (1/α) 7/5 , the system is far from thermal equilibrium in both the high and low momentum regimes. If p 0 (t) is the maximum scale to which gluons have evolved, then
This latter distribution is a sort of equilibrium distribution although it does not match onto a genuine equilibrium distribution at the scale p 0 .
While intermediate momentum scales obey f k ∼ 1/k in all time domains, so long as m 0 t ≫ 1, there is, nevertheless, a flow of energy and particle number from soft to hard scales through these intermediate scales. In the case of energy this flow is negligible compared to the direct transfer of energy from soft to hard scales, while in the case of particle number flow it is one of the dominant mechanisms of gluon number growth at the hard scale.
The dynamics which we use throughout this paper is the Boltzmann equation with a collision term consisting of 2 ↔ 2 and 2 ↔ 3 gluon processes. We have assumed the absence of important longrange coherent fields which, if present, could create problems for our approach.
The spectrum of gluons as a function of time
The problem we are concerned with here is very similar to the problem of wave turbulence discussed by Zakharov, L'vov and Falkovich [20] . However, Zakharov et al. consider scalar theories where interactions among particles are relatively local in momentum while the case of interest here, QCD, allows important interaction between low momentum and high momentum particles. In addition in a gluonic theory there is a minimum allowed frequency, the plasma frequency, at which waves can propagate while a corresponding phenomenon does not exist with purely scalar interactions.
At time, t, equal to zero we turn on a source of gluons which feeds a rate of increase of energy densityǫ 0 =
which is constant in time and uniform in space. The energy is incoming isotropically in low momentum modes but as the density of gluons increases in time the source is modified so that the incoming gluons always have energy just above the plasma frequency, say m < ω <m where m is the plasma frequency andm is of the same order as m. The question we wish to answer concerns the occupaton number, f k , of gluons as a function of time. As we shall see, the form of the spectrum changes over the course of time having an early time, an intermediate time and a late time form. The late time form of f k is the simplest and the most straightforward to describe so we begin there. Throughout we limit our discussion to the case of a fixed QCD coupling, α.
The spectrum for
At sufficently large time it is apparent that the system will be extremely close to thermal equilibrium since the source can only be a very small perturbation on a system having a lot of energy. (The scaling solution for constant energy flow found by ZLF [20] (see also [21] ), f k ∼ (m/k) −5/3 , connects an infrared source of energy to a quantum equilibrium solution of the Boltzmann equation which exists for k > k 0 whwere f k 0 = 1. The non equilibrium solution in the intermediate region of k is necessary in a φ 4 -type theory considered by ZLF where energy flow is local in momentum. In the QCD case energy is transferred directly from the low momentum source to the high momentum modes allowing the intermediate momenta also to be in equilibrium. Indeed, we shall see throughout this paper that f k ∼ m/k is required, in intemediate momentum regions, in order that the rate of emission and absorbtion of gluons of momentum k by harder gluons exactly cancel.) Thus energy conservation gives
(1)
, or
The corresponding plasma frequency is
and is related to the Debye mass by m = m D / √ 2. At large times the energy source inserts gluons into the system just above an energy m which is far below the temperature of the system T. What we now wish to describe is how the energy gets transferred from the scale m to the scale T which is where almost all the energy is located. First we remark that, for very small α, the spectrum is given by
which, when ω/T ≪ 1, can be approximated as
When k/m ≫ 1 we shall not distinguish between ω and k in which case (5) could as well be written as
Of course if the system were in exact equilibrium there would be no transfer of energy and (6) would represent a system in complete equilibrium without flow of energy or particle number. Because we have a source of incoming energy the occupation number will be slightly higher than the equilibrium solution in the low momentum region. As we shall now demonstrate these low momentum gluons directly transfer energy to the hard gluons, having momentum T, with only a small fraction of energy flowing from the scale m through an intermediate scale k, m ≪ k ≪ T, and then to the scale T. However, particle number, which must increase as T 3 , cannot be transferred directly from low to high momentum but must pass through intermediate scales giving a flow of particles from infrared to ultraviolet in our spectrum.
Consider the elastic scattering of soft gluons, q 1 and q 2 , with hard gluons having p 1 , p 2 on the order of T . The process is illustrated in Fig. 1 and gives a flow of energy from soft to hard aṡ
where
with
The symbol R in the integration in (7) restricts ω q 1 , ω q 2 to be less than ω p 1 , ω p 2 . Now the hard particles p 1 and p 2 will have a distribution given by (4) so
allows one to write the bracket in (7) as
If f q 1 and f q 2 also took the form (4), or (5), we would get exactly zero as expected in exact equilibrium. However, the incoming flux of soft gluons will naturally increase f q a little so that [ ](ω 1 − ω 2 ) is greater than zero corresponding to a flow of energy from soft to hard particles. We can estimate that flow of energy by rewriting (7) aṡ
Taking ω 1 − ω 2 to be positive (Eq. (12) is even under q 1 ↔ q 2 ) and
along with (4) and (5) one getṡ
Using m/m 0 ∼ (αm 0 t)
from (2) and (3) and
from (2) and (5) one findṡ
Thus so long as m 0 t ≫ α −9/5 , f q will be very close to the equilibrium distribution making the [ ] in (21) small and compensating α 9/4 (m 0 t)
Although energy is transferred mostly in a direct way from the incoming particles of the source to particles having p ∼ T there is also interaction with particles having momentum k where m ≪ k ≪ T. We can evaluate the rate of transfer of energy from (11) and (12) by the replacement p 1 , p 2 → k 1 , k 2 along with the replacement
after using (6) .ǫ k is the flow of energy from the particles coming from the source to those particles having momentum on the order of k. As we have seen earlier with the convention ω 1 > ω 2 , [ ] is positive so there is a positive flow of energy from the source to k-particles, but this flow is suppressed by a factor k/T compared to the flow to particles of momentum T. However, since f k changes only very slowly this flow of energy must correspond to a flow of particles toward higher momentum. We can characterize this flow by a parameter,k f low , giving the average change in a particle's momentum with time in terms of whicḣ
In turn we can viewǫ el k as the flow of particles past a given momentum k oṙ ǫ
whereρ k is the number of particles per unit volume which pass momentum k, from lower toward higher momenta, in a unit of timė
Using (24) and (22) one sees thatρ k is independent of k so that there is a constant, in k, flow of particles from lower to higher momenta. One can check, using (22) While the number of gluons in the system is growing with timeρ k is much less than the rate at which gluons enter the system, Fig. 2 where gluons 1,2,3,4 have a momentum on the order of T and k ≪ T. Dimensionally these graphs give (see Appendix A)
or, using (2), (3) and (4)
which is, parametrically, the same as (21) . Again, when m < ω <m one needs f k somewhat greater than T /ω in order to transfer energy and lower the particle density to compensate for the gluons emerging from the source. We note that the LPM effect is small in the present case since the formation time of a gluon of momentum k is
with λ the mean free path for the particle to undergo a collision of momentum transfer m,
Finally we evaluate the mean free path, λ k , for a particle of momentum k to undergo a collision of momentum transfer k. Then, using (2),
so that we can expect the equilibrium spectrum f k ≃ T /k for ω >m so long as m 0 t > α −7/5 . The case m < ω <m will be discussed in the next section.
2.2
The spectrum for (1/α)
A major change occurs when m 0 t = (1/α) 9/5 . We have seen that when m 0 t > (1/α) 9/5 the gluon system has a equilibrium solution although there is a constant, in momentum, flow of particles from the infrared region to the ultraviolet region. However, from (21) it is clear that when m 0 t < (1/α) 9/5 it is not possible to transfer the energy from the source in the region m < ω <m to the momentum region near T fast enough using a near equilibrium distribution in the soft region. What happens is physically clear: The gluons from the source "pile up" in the region m < ω <m until the occupation number becomes large enough to speed up the rate of transfer of energy from soft to hard modes so that the transfer can exactly compensate the rate of energy coming in from the source. For ω >m in the distribution of gluons will be very close to the equilibrium distribution (4), however, when m < ω <m the distribution will be significantly altered. We now turn to a description of this altered distribution, illustrated in Fig. 3 .
We suppose that the source creates gluons uniformly in phase space in the region m < ω <m, with a constant inflow of energyǫ = m 5 . Gluons having higher momentum, but located in the region m < ω <m will elastically scatter with gluons having momentum on the order of T and will lose energy to the harder gluons as given by (18) . Thus a gluon at point 1 in Fig. 3 will move to point 3 further increasing f k 3 while f k 1 will be determined by the competition between the incoming gluons causing f k 1 to increase and the scattering with hard gluons causing f k 1 to decrease. Thus f k will increase rapidly as k decreases until f k becomes large enough that gluons having momentum k are absorbed by hard gluons, according to the graphs in Fig. 2 , at the same rate that are created from the external source and from gluons which arrive at k after having elastically scattered with hard gluons. We now give estimates of these rates.
Suppose k 3 (point 3 in Fig. 3) is the momentum at which the loss by inelastic absorption, the graphs in Fig. 2 , exactly balances the rate of arrival of gluons coming directly from the source or coming from the source via higher momentum regions. Then the rate of arrival of gluons iṡ . The rate at which gluons are absorbed by hard gluons, according to the graphs in Fig. 2 iṡ
or, using thermal distributions for
Dropping the 1/f k 3 term in (34) giveṡ
where we have anticipated k 3 /m ≪ 1 giving ω ≃ m.
Now we must also require that the rate of k 3 -gluons cascading to even smaller momenta is not large compared to the rates given by (32) and (35). Suppose a k 3 -gluon goes to a momentum k 4 via elastic scattering as given by Fig. 1 , with the replacement
Dropping the 1/f k 3 and 1/f k 4 terms and using
Since we are looking for the value of k 3 at which the cascading to lower momenta ceases it is natural to require that (32), (35) and (38) be of the same size when k 4 is of the same size as k 3 . This gives, from (19) , (32), (35) and (38)
Finally, we give a calculation which shows that although f k increases sharply with decreasing k, in the region m < ω <m, it does not undergo a large change as ω goes from abovem to belowm. To that end we first argue that in the region ω >m the occupancy f k lies not far from the thermal curve. Consider transitions k 5 → k 3 by elastic scattering where ω 5 is just abovem. Then, neglecting 1/f k 3 compared to 1/f k 5 (see Appendix B),
The term √ αf k 3 (
is very large so thatḟ
can be small only if
which is close to the thermal curve. Now consider transitions, due to elastic scattering on hard gluons, where k 1 goes to k 3 . One has (see Appendix B)
But theḟ
in (43) cannot dominate (35) which means √ αf k 1 cannot be large.
Since (42) means √ αf k 5 is of order one, we see that there can be no strong change in f k as ω crosses the valuem, despite the fact that the source turns on abruptly for ω <m.
2.3
The spectrum for m 0 t < (1/α)
. From (31) one sees that the mean free path divided by time for hard particles becomes less than one when m 0 t < (1/α) 7/5 and thus that the majority of the gluons, and most of the energy, of the system are not in thermal equlibrium in the early time domain. Suppose, at a time t, the gluon spectrum has reached momentum p 0 (t). Then energy conservation gives
or, using
one gets
For k/m ≫ 1 one expects f k to have the form
The 1/k dependence of f k will shortly be checked, but it naturally follows from the fact that the dominant interactions of gluons having momentum k are with gluons having momentum on the order of m and with momentum transfer of the order of m which is much less than k. This means the Boltzmann equation will obey
whose steady state solution is of the form (47). If we suppose that c(t) has a power dependence on m 0 t,
then requiring f k (t) ∼ 1/α when m 0 t ∼ 1 with k ∼ m and requiring f k (t) ∼ 1/ √ α when m 0 t ∼ α −7/5 and k ∼ m, as given by (2) and (6), gives a = 0 and b = −5/14 so that
Eqs. (45), (47) and (49) give
while (46) and (50) give
It is now easy to check that the mean free path, λ p 0 , for gluons having mommentum
as one might expect. We can now see somewhat more sharply why (50) must hold. If c(t) were to be parametrically larger than that given by (50) then λ p 0 /t would be less than one and the distribution (47) would not be stable. If c(t) were to be much smaller than given by (50) then the maximum value of f k which we would find, for very small values of k, would significantly exceed that given in (67) and would lead to the right hand side of (68) being much bigger than one, which is not consistent.
Let us examine in a little more detail the consistency and stability of (47). In particular consider the emission or absorption of a gluon k, wherem ≪ k ≪ p 0 , by hard gluons as illustrated in Fig. 2 . One has, as in (26),
Now the f 's are all large so we can limit ourselves to terms with four factors of f on the right-hand side of (54). This yieldṡ
so thatḟ
In (54) we have done a dimensional analysis. The p 6 0 factor is a rough way of writing the phase space factors coming from, say, (57) should be understood as averaged over p 1 and p 2 . Since p 1 and p 2 come in symmetrically we can rewrite (57) more simply aṡ
where p 1 , p 2 are on the order of p 0 . Now the two terms, f 
where we include dimensional factors for the p i and k 1 phase space integrations, although we keep these momenta fixed in the Bose-factors to better understand the stability of the solution (47). Calling ω k 1 − ω k 2 = ∆ω, using (47) and writing
one can write (59) asḟ
will be zero under exactly the same conditions on c(t), in (47), as we found for stability under emission and absorption as given in (58).
Finally, we turn to the region m < ω <m. The situation here is very much like previously considered in Sec. 2.2. The rate at which gluons enter the system and then cascade down to a momentum k 3 is given as in (32)
where now m is given by (52). Eq. (35) is now changed tȯ
which is easily obtained from (58) by dropping f
and where the explanation of the meaning of this term is exactly as in the previous section. Requiring that theḟ k 3 terms in (63), (64) and (65) be of the same size gives
and
which now replace (39) and (40). We note that (66) and (67) agree with (39) and (40) when m 0 t = α −7/5 .
Finally, we note that the process where three soft gluons, having momenta on the order of k 3 as given in (66), annihilate into two harder gluons as illustrated in Fig. 4 with q 1 , q 2 , q 3 ∼ k 3 gives anḟ k 3 of the same order as (63), (64) and (65). Indeed higher order processes where n gluons having momenta on the order of k 3 annihilate into 2 harder gluons also are of the same order (see Appendix C) since 3 Fixing the source in terms of wavelengths
In the discussion of the previous section we have assumed that the source of incoming energy is spread uniformly in phase space in the frequency range m < ω <m where m andm are of the same order of magnitude. Now we are going to express the source in terms of wavelength rather than frequency. We again suppose that the rate of inflow of energy isǫ = m
but we here suppose that the gluons are uniformly deposited in phase space over the region 0 < k < k 0 .
That is we takeḟ source to be a constant, in both k and t, in the region (70) and where
In the present situation we have two parameters m 0 and k 0 with which to specify the source. (By allowing k 0 to be time-dependent the current specification includes the source used in Sec. 2.) We shall, however, always suppose that k 0 /m 0 1 as the situation where k 0 is less than m 0 seems to have an abnormally high rate of deposition of energy over a limited region of phase space. In the discussion that follows we deal with m 0 and k 0 as time-independent quantities, however, it will be easy to allow a slow time dependence of these quantities in our final results.
Much of the discussion of the last section is unchanged since the basic pattern of the three different time regimes is set by the basic structure of the problem. We begin with the early time regime where m 0 t < (1/α) 7/5 . From (52) and (66) we see that
and thus that k 3 /k 0 ≪ 1. Thus the picture here is essentially that described in Sec. 2.3, except that, when k 0 /m ≪ 1, the region k 0 < k m now has no incoming gluons from the source. However gluons can come into this region from the process of four gluons, having momentum on the order of k 3 , going into a gluon, k, and two harder gluons. (We note that the three soft gluon to two harder gluon process cannot give a gluon, k, in the region k 0 < k ≪ m.)
We can evaluate more precisely the dependence of f k , when k 0 < k ≪ m, by requiring a cancellation in the rate of gluons of momentum k produced by the competing processes. First, the rate of production of gluons coming from q 1 + q 2 + q 3 + q 4 → k + k 1 + k 2 , with q 1 , q 2 , q 3 , and q 4 of order k 3 while k 1 and k 2 are of order m, is (see Appendix C)ḟ 
So long as k 3 /k 0 ≪ 1, that is so long as m 0 t ≪ (1/α) 9/5 (k 0 /m) 4/5 , the large peak in f k will still occur when k ∼ k 3 and (39) and (40) 
and the process where k is emitted or absorbed by thermal particle as illustrated in Fig. 2 ,ḟ abs k
The dominant contributions now are (82) and (83). Requiring a cancellation to get a steady state gives 
